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Question 1. How may three-digit perfect squares are there such that if each digit is
increased by one, the resulting number is also a perfect square?

(A):1; (B):2; (C):4; (D):8; (E) None of the above.
Answer: (A-E).

Question 2. The smallest value of the function

1 —2013z
f($>_|x|+‘ 2013 — ’
where x € [-1,1] is
(A): ——: (B): ——: (C): ——; (D): ——; (E): None of the above
- 2012’ " 2013’ - 2014’ " 2015’ ' '
Answer: (B).
Note that f(z) = ||+ ‘@ >> [2] 4+ —— — 2| = ——. And f(z) = —— for 7 = ——.
1— g | == 717 2013 2013 2013 2013

Question 3. What is the largest integer not exceeding 823+ 62 —1, where z = %( V2 + 5+
V2 — \/5) ?
(A):1; (B):2; (C):3; (D):4; (E) None of the above.

Answer: (C).

Note that 422 + 32z = 2, then 822 + 62 —1=22—1=3.

Question 4. Let 29 = [a], 21 = [2a] — [o], 22 = [3¢] — [2a], x4 = [ba]| — [4a], x5 = [6a] — [5al,
V2013

..., where a = . The value of zq is
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(A): 2; (B): 3; (C): 4; (D): 5; (E): None of the above.

Answer: (E).



Note that [(n + 1)a] < [na+ 1] = [na] + 1 for all n € N. Hence [(n + 1)a] — [na] < 1 for
all n € N.

Question 5. The number n is called a composite number if it can be written in the form
n = a x b, where a,b are positive integers greater than 1.

Write number 2013 in a sum of m composite numbers. What is the largest value of
m?

(A): 500; (B): 501; (C): 502; (D): 503; (E): None of the above.

Answer: (C).

Question 6. Let be given a € {0, 1,2,3,...,1006}. Find all n € {0,1,2,3,...,2013} such that
m

Cho13 > Cs13, where Cpy, = Bm =kl

Answer.
If @ = 1006 there is no n.
If a € {0,1,2,3,...,1005}, then z € {a+ 1,a+2,...,2012 — a}.

Question 7. Let ABC be an equilateral triangle and a point M inside the triangle such
that M A% = MB? + MC?. Draw an equilateral triangle ACD where D '# B. Let the point
N inside AACD such that AMN is an equilateral triangle. Determine BM BMC.

Answer.
Putting MA = a; MB = b; MC = c. then a® = b?>+c2. It is easy to check that AANC = AAMB
then NC = MB =b.

In A MCN we find NC2 + MC? = b2 + ¢ = a®> = MN?, so MCN = 90°. Hence

MBC +MCB = NCD + MCB = 120° — 90° = 30°

It follows BMC = 150°.
Question 8. Let ABCDFE be a convex pentagon and

area of AABC = area of ABCD = area of ACDE = area of ADEA = area of AEAB.

Given that area of A ABCDE = 2. Evaluate the area of area of AABC.



Answer.
Write Sypc := Area of ABC. Since Sapc = Sapg (= a) then CF is parallel to AB. Sppc =
Sgpcp follows BE || C'D. Similarly, we find AC || DE; BD || AE; AD || BC.

Let O be the common point of BD and CE and Sgco = x. Since ABOEF is a parallel-
logram then Sapp = Spor = a. Hence 2 = Sapepr = Sape +Spoe+Scpe +Spoc = 3a+1.

2—x
Hence a = )

Spoc _ BO _ SBOE
Spoc  OD  Spor

Question 9. A given polynomial P(t) = t3 + at® + bt + ¢ has 3 distinct real roots. If the
equation (22 +z +2013)3 + a(z? + 2 +2013)% + b(2? + 2 + 2013) + ¢ = 0 has no real roots, prove

1
hat P(201 —.
that (03)>64

5—14/5
Note that then we have 522 — 10x +4 = 0. It follows z = 5\/_.

Answer.
By condition,
P(z) = (z — x1)(x — x2)(x — z3),
Then
P(Q(z)) = (Qz) — 21)(Q(z) — 22)(Q(z) — 3),
where
Qz) —x; #0,i=1,2,3.

Calculating the discriminants, we get
D; =1—4(2013 — 2;) < 0

and .
2013 — i > .

Therefore 1

64

111
P(2013) = (2013 — ;)(2013 — 22) (2013 — 23) > 7.7

RS

Question 10. Consider the set of all rectangles with a given area S. Find the largest value

of
16 —p

M= —
pe+2p

I

where p is the perimeter of the rectangle.

Answer.

Let a,b be the side-lengths of the rectangle. Consider the case of all rectangles such that
there esists a p = 2(a + ) possessing the property 0 < p < 16 with a given area S. Using the
inequality p = 2(a + b) > 4V/S, we find

_16-p _ 16-4VS  4-V8S
P42 T (4VS)2+2x4VS  45+2VS

The equality holds iff « = b, i.e. ABCD is a square.
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. . 16 —
Note that, if for all side-lengths of rectangles p > 16, then M(p) = — n 2p < 0 and for
p P
that cases, there is no largest value of M. Indeed, it is easy to see that for every My < 0,
. 16 —
always there exists p such that M(p) = 2_p > M.
p*+2p

Question 11. The positive numbers a, b, ¢, d, p, ¢ are such that
(x4 a)(x +b)(z + ¢)(z + d) = 2* + 4px> + 62 + 4¢gz + 1 holds for all real numbers z.

Find the smallest value of p or the largest value of ¢.

Answer.
The identity

(z 4 a)(z 4+ b)(z + ¢)(x + d) = z* + 4paz® + 62% + 4¢gz + 1 holds for all real numbers z

b d 1
means that p = %, abcd = 1. The AM-GM inequality gives p > 1 and minp = 2
when a =b=c=d=1. On the other hand,
ab+ac+ad+bc+bd +cd .

; —

and
abc + abd + acd + bed
1 -

From the inequality

(ab+ac+ad+bc+bd+cd)3 - (abc+abd+aod+bcd)2
6 - 4 ’

we find ¢ <1 and maxg=1whena=b=c=d=1.

Question 12. The function f(x) = az?+ bz + ¢ safisfies the following conditions: f(v/2) = 3,
and
|f(z)] <1, for all z € [-1,1].

Evaluate the value of f(1/2013).

Answer.

Condider the polynomial Q(z) := 222 — 1 — f(z). Note that degQ(z) < 2 and Q(—1) =
1—f(-=1)>0,Q(0)=1-f(0)<0,Q(1) =1— f(1) > 0. Then the equation Q(z) = 0 has at
least 2 real roots in [~1,1]. On the other hand, Q(v2) = f(v/2) —2(v/2)?—1 = 0. So Q(x) = 0.
It means that f(zr) =222 — 1 and f(v/2013) = 2.2013 — 1 = 4025.

Question 13. Solve the system of equations

{xyl
x Yy
+ —1
x4+y2 «T2+y4




Answer.

2 2
. . " 1 1 1 1
Using the inequalities L 5 < — and L > < —. Hence, for every
x4 + 42 Z+ L2 w24yt - v T2
Yy x
root (z,y) of the system, we find
xy =1
2 2
- y Ty

= + =
$4+y2 x2+y4 x4+y2 $2+y4_

So x,y must satisfy the system

and then z =y = 1. Indeed, (z,y) = (1, 1) satisfies the given system.
Question 14. Solve the system of equations:
1 4
x3+—y =zl +zr— =

7 g

v+ =y ty—

f 6

z3+5x =22 42— -

Answer.
Rewrite the system in the form

(@4 D)@ — 172 = —~(y+1)
W+ Dy—1)2=—-2(z+1)

(+1)(z =12 = —(e+1)

We find (z+ 1)(y+1)(z+ D)[(z —1)%(y - 1)%(y — 1)> + %] = 0. It follows (z,y,2) = (—1,—1,—1)
is a unique solution of the given system.

Question 15. Denote by Q and N* the set of all rational and positive integral numbers,

b L
G y € Q for every x € N*. Prove that there exist integers

respectively. Suppose that
A, B,C, D such that

cx +

aa:—l—b_ Ax + B

w1 d_CriD for all z € N*.

Answer.

. ar +b
Write f(z) = p——




-If ¢ =0 then f(x) = ax + 5 € Q for every z € N*. It follows o, € Q and « = P

@7
u P M _PNetQN
ﬂ_W7WhereP7QJM7N€Z'ThuS7f(x>_Qx+N_ Ol"I’QN ‘

-Ifa=0,b=0 then f(z) =0.

-Ifa=0,0+#0 then f(z) = € Q for every z € N*. It follows o, € Q and

P M QJ%/JIJF&
Oz +

- If ad — bc = 0 then f(z) =ce€ Q.

P,

- Now consider the case a # 0,¢ # 0,ad — bc # 0. By the assumption, f(1) = Q—l,

1
Py, Q1 € Z. Write

r—1
f(x)—f(l)—ma (*)
My Mo .
then v,0 € Q and v = A § = N where Mj, My, N1, Ny € Z. Putting the values of f(1),~,¢
1 2

in the formula (x), we find

ax—l—b_ Ax+ B

w1 d_CuoiD for all x € N*.




